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NON-HAMILTONIAN ACTIONS WITH ISOLATED FIXED
POINTS
SUSAN TOLMAN
Abstract. We construct a non-Hamiltonian symplectic circle action on a
closed, connected, six-dimensional symplectic manifold with exactly 32 fixed
points.
1. Introduction
Let the circle S1 ≃ R/Z act on a (non-empty) closed, connected symplectic
manifold (M,ω), and let ξM be the associated vector field on M . The action is
symplectic if it preserves the symplectic form, equivalently, if ιξMω is closed. The
action is Hamiltonian if there exists a moment map Ψ: M → R satisfying
dΨ = −ιξMω,
equivalently, if ιξMω is exact. In this case, we can reduce the number of degrees
of freedom by passing to the reduced space M//t S
1 := Ψ−1(t)/S1, which is a
symplectic orbifold for all regular t ∈ R. Moreover, the moment map is a perfect
Morse-Bott function whose critical set is the fixed set MS
1
. Therefore, the (equi-
variant) cohomology and (equivariant) Chern classes of M are largely determined
by the fixed set; for example,
(1.1)
∑
i
dimHi(M ;R) =
∑
i
dimHi(MS
1
;R).
This leads to the following important question: What conditions force a sym-
plectic action to be Hamiltonian? By the discussion above, if H1(M ;R) = 0
then every symplectic action is Hamiltonian. In contrast, equation (1.1) implies
that symplectic circle actions with no fixed points, such as the diagonal circle ac-
tion on the torus S1 × S1, are never Hamiltonian. Frankel made the first sig-
nificant progress towards answering the question by proving that a Ka¨hler circle
action on a closed, connected Ka¨hler manifold is Hamiltonian exactly if it has
fixed points [Fr]. In contrast, McDuff constructed a non-Hamiltonian symplec-
tic circle action with fixed tori on a closed, connected six dimensional symplectic
manifold [Mc]. Since then, no new examples with fixed points have been con-
structed, but there has been a great deal of work proving that symplectic actions
with fixed points must be Hamiltonian when various additional criteria are satis-
fied [On, Mc, Gin, LO, TWe, Gia, Go05, Go06, Fe, Ki06, Ro, PT, Li, Ja, MPR].
Nevertheless, the following question, asked by McDuff and Salomon in [MS] and
often called the “McDuff conjecture”, is open: Does there exist a non-Hamiltonian
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symplectic circle action with isolated fixed points on a closed, connected symplectic
manifold? The main goal of this paper is to answer that question in the affirmative.
More precisely, we prove the following theorem:
Theorem 1. There exists a non-Hamiltonian symplectic circle action with exactly
32 fixed points on a closed, connected, six-dimensional symplectic manifold.
Now let (M,ω) fulfill the conclusions of Theorem 1. Given n ≥ 3 and a Hamil-
tonian circle action on CPn−3, the diagonal action on the product CPn−3 ×M is
symplectic but not Hamiltonian. Hence, Theorem 1 has the following corollary.
Corollary 1.2. Given n ≥ 3, there exists a non-Hamiltonian symplectic circle
action with exactly 32(n − 2) fixed points on a closed, connected, 2n-dimensional
symplectic manifold.
Remark 1.3. McDuff proved that a symplectic circle action on a closed, connected,
2n-dimensional symplectic manifold with n ≤ 2 is Hamiltonian exactly if it has
fixed points [Mc]. Thus, the example described in Theorem 1 has the lowest possible
dimension.
In contrast, there probably exist examples with fewer fixed points. A non-
Hamiltonian symplectic circle action on a closed symplectic 2n-dimensional mani-
fold cannot have exactly one fixed point. However, we can’t rule out the possibility
of such an action with two fixed points unless n 6= 3 [PT]. On the other hand, Jang
ruled out the possibility of such an action with three fixed points [Ja]. Moreover,
if n is odd the number of fixed points is even [PT].
To elaborate on the example in Theorem 1, we need some terminology. Let a cir-
cle act symplectically on a 2n-dimensional closed symplectic manifold (M,ω). Given
p ∈ MS1 there is a unique multiset of integers {w1, . . . , wn}, called (isotropy)
weights, so that the induced symplectic representation of S1 on TpM is isomorphic
to the representation on (Cn,
√−1/2∑i dzi∧dzi) given by λ·z = (λw1z1, . . . , λwnzn).
A map Ψ: M → S1 is a generalized moment map exactly if Ψ∗(dt) = −ιξMω. As
in the Hamiltonian case, the reduced space M//t S
1 := Ψ−1(t)/S1 is a 2n− 2 di-
mensional symplectic orbifold for all regular t ∈ R. The Duistermaat-Heckman
function of M is the unique continuous function ϕ : Ψ(M)→ R satisfying
ϕ(t) =
∫
M//t S1
ωn−1t
for all regular t ∈ Ψ(M), where ωt ∈ Ω2(M//t S1) is the reduced symplectic
form [DH]. A K3 surface is a closed, connected complex surface (X, I) with
H1(X ;R) = {0} and trivial canonical bundle. A symplectic form σ ∈ Ω2(X) is
tamed if σ(v, I(v)) > 0 for all nonzero tangent vectors v; it is Ka¨hler if, addi-
tionally, σ(I(v), I(w)) = σ(v, w) for all tangent vectors v and w. In this case, we
say that the triple (X, I, σ) is a tame (respectively, Ka¨hler) K3 surface. Finally,
Z2 acts holomorphically on the torus T = C
2/(Z2 +
√−1Z2) by the involution
[z] 7→ [−z]. The quotient T/Z2 is a Kummer surface; it is a complex orbifold
with exactly 16 isolated singular points with isotropy Z/(2).
Theorem 1 redux. There exists a non-Hamiltonian symplectic circle action on
a closed, connected, six-dimensional symplectic manifold (M,ω) with a generalized
moment map Ψ: M → R/(4Z) ≃ S1. The level sets Ψ−1(±1) each contain 16
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fixed points with weights ±{−2, 1, 1}; additionally, Z/(2) fixes 16 two-spheres with
moment image [−1, 1]. Otherwise, the action is free. The Duistermaat-Heckman
function is
ϕ(t) =
{
4 + 4t2 −1 ≤ t ≤ 1
−4 + 16t− 4t2 1 ≤ t ≤ 3.
Finally, the reduced space M//t S
1 is symplectomorphic to a tame K3 surface for
all t ∈ (1, 3) and diffeomorphic to the Kummer surface T/Z2 for all t ∈ (−1, 1).
Our proof of Theorem 1 is adapted from [Ko], where Kotschick answered an-
other question of McDuff and Salomon [MS] by constructing a free (and therefore
non-Hamiltonian) symplectic circle action on a six dimensional closed symplectic
manifold with contractible orbits; see §3.1. In particular, many of the ideas in §2
and §3 are taken directly from Kotschick’s paper, although we handle the technical
details differently. (For example, he considers Ka¨hler K3 surfaces, but we need to
allow tame K3 surfaces because the example we construct in §4 is tame but not
Ka¨hler.)
Proof of Theorem 1. Clearly, −4 + 16t − 4t2 > 0 for all t ∈ [1, 3]. Therefore, by
Proposition 3.2, there exists a free circle action on a symplectic manifold (M ′, ω′)
with proper moment map Ψ′ : M ′ → (1, 3) so that, for all t ∈ (1, 3), the reduced
space M ′//t S
1 is symplectomorphic to a tame K3 surface (X ′, I ′t, σ
′
t); moreover,
• (σ′t, σ′t) = −4 + 16t− 4t2; and
• [σ′t] = κ′−tη′, where κ′, η′ induce a primitive embedding Z2 →֒ H2(X ′;Z)1.
Let (M+, ω+,Ψ+) and (M−, ω−,Ψ−) be the symplectic manifolds with locally
free2 circle actions and proper moment maps described in Proposition 4.1. (For now,
ignore the complex structure.) The reduced space M±//t S
1 is diffeomorphic to the
Kummer surface T/Z2 for all t ∈ R. Moreover, the Duistermaat-Heckman function
ofM± is 4+4t
2; see Remark 4.3. Finally, Ψ−1+ (−1, 1) ⊂M+ and Ψ−1− (−1, 1) ⊂M−
are equivariantly symplectomorphic.
Let
(
M˜+, ω˜+, Ψ˜+
)
and
(
M˜−, ω˜−, Ψ˜−
)
be the symplectic manifolds with circle
actions and proper moment maps described in Proposition 5.1. Fix ǫ > 0 sufficiently
small. The preimages Ψ˜±(±(−∞, 1+ ǫ)) each contain exactly 16 fixed points; each
lies in Ψ˜±(±1) and has weights ±{−2, 1, 1}. Additionally, there exist a± < b±
in ±(0, 1) so that Ψ−1± (a±, b±) ⊂ M± and Ψ˜−1± (a±, b±) ⊂ M˜± are equivariantly
symplectomorphic. Finally, for all t ∈ ±(1, 1 + ǫ), the reduced space M˜±//t S1 is
symplectomorphic to a tame K3 surface
(
X˜, I˜, (σ˜±)t
)
; moreover,
• ((σ˜±)t, (σ˜±)t) = −4± 16t− 4t2; and
• [(σ˜±)t] = κ˜ − tη˜±, where κ˜, η˜± induce a primitive embedding Z2 →֒
H2(X˜ ;Z).
1 An embedding (ℓ1, ℓ2) 7→ ℓ1κ′+ ℓ2η′ is primitive if every lattice element that is a real linear
combination of κ′ and η′ is also an integral linear combination.
2A Lie group G acts locally freely on M if the set of g ∈ G with non-empty fixed set
{x ∈ M | g · x = x} is discrete.
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The first and third paragraphs above imply that(
(σ˜+)t, (σ˜+)t
)
=
(
σ′t, σ
′
t
)
for all t ∈ (1, 1 + ǫ); and(
(σ˜−)t, (σ˜−)t
)
=
(
σ′t+4, σ
′
t+4
)
for all t ∈ (−1− ǫ,−1).
Thus, by Proposition 3.1 they imply that there exist a′± < b
′
± in ±(1, 1+ ǫ) so that
Ψ˜−1+ (a
′
+, b
′
+) ⊂ M˜+ and (Ψ′)−1(a′+, b′+) ⊂M ′ are equivariantly symplectomorphic,
and also Ψ˜−1− (a
′
−, b
′
−) ⊂ M˜− and (Ψ′)−1(a′− + 4, b′− + 4) ⊂ M ′ are equivariantly
symplectomorphic.
Therefore, we can glue together (Ψ′)−1(a′+, b
′
− + 4) ⊂ M ′, Ψ−1± (a−, b+) ⊂ M±,
Ψ˜−1+ (a+, b
′
+) ⊂ M˜+, and Ψ˜−1− (a′−, b+) ⊂ M˜− to construct a symplectic circle action
on a closed, connected six-dimensional symplectic manifold M with a generalized
moment map Ψ: M → R/(4Z) satisfying all requirements. In particular, the action
is not Hamiltonian because there is no fixed point with all positive (or negative)
weights. 
The structure of this paper is straightforward. In Section 2, we classify tame
K3 surfaces up to symplectomorphism. In Section 3, we use this classification
to analyze free Hamiltonian circle actions on symplectic manifolds with reduced
spaces symplectomorphic to tame K3 surfaces. Under favorable conditions, these
are classified by their Duistermaat-Heckman function. In Section 4 we construct
locally free Hamiltonian circle actions on symplectic manifolds with reduced spaces
diffeomorphic to the Kummer surface T/Z2. Finally, in Section 5, we use results
from [TWa] to add fixed points to the examples constructed in §4. In that paper,
which is joint with Jordan Watts, we extend some important constructions and
theorems from the symplectic and Ka¨hler categories to the tame category.
2. K3 surfaces
In this section, we classify tame K3 surfaces up to symplectomorphism. This is
a fairly straightforward consequence of classification of marked Ka¨hler K3 surfaces,
which we review, closely following [BPV]3.
Let L be the K3 lattice, that is, the even unimodular lattice with signature
(3, 19); let LR := L ⊗Z R. If (X, I) is a K3 surface, there is an isometry from
H2(X ;Z) (with the cup product pairing) to L [BPV, Proposition VIII.3.2], that
is, an isomorphism of groups that preserves the symmetric bilinear forms. Addi-
tionally, any two K3 surfaces are diffeomorphic [BPV, Corollary VIII.8.6]. Given a
vector space V with symmetric bilinear form (·, ·) and k ∈ Z, let G+k (V ) denote the
manifold of oriented k-planes in V on which (·, ·) is positive definite. The manifold
G+3 (LR) has two components, and so we can state our classification as follows:
Proposition 2.1. Let X be a manifold admitting a K3 structure.
(1) Given κ ∈ H2(X ;R), there is a tame K3 structure (I, σ) on X with [σ] = κ
if and only if (κ, κ) > 0.
(2) Given tame K3 structures (I0, σ0) and (I1, σ1) on X and an isometry
φ : H2(X ;Z) → H2(X ;Z), there is a symplectomorphism f from (X, σ0)
to (X, σ1) satisfying f
∗ = φ if and only if φ
(
[σ1]
)
= [σ0] and φ preserves
the components of G+3 (H
2(X ;R)).
3 However, since we classify K3 surfaces up to symplectomorphism, our definition of “Ka¨hler
K3 surface” includes the Ka¨hler form (see §1), while [BPV] only include its cohomology class.
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To prove this, we begin with a brief review of complex surfaces. Let (X, I) be
a complex surface, that is, a two-dimensional complex manifold; assume that X
is closed and connected. Given non-negative integers p and q with p + q = 2, the
Dolbeault cohomology Hp,q(X) is naturally isomorphic to the subspace of the de
Rham cohomology H2(X ;C) whose elements can be represented by a d-closed form
of type (p, q) [BPV, Theorem IV.2.9]. Moreover, under this identification,
H2(X ;C) = H2,0(X)⊕H1,1(X)⊕H0,2(X).
A class d in the Picard lattice H1,1(X) ∩ H2(X ;Z)4 is effective if there exists
an effective divisor D so that c1(OX(D)) = d. A class κ ∈ H2(X ;R) is tamed
(respectively, Ka¨hler) if it contains a tamed (respectively, Ka¨hler) form. We will
need the following fact.
Lemma 2.2. Let (X, I) be a closed connected complex surface. Given κ ∈ H2(X ;R),
the orthogonal projection κ̂ of κ onto H1,1(X ;R) is tamed exactly if κ is.
Proof. By the discussion above, there exists a d-closed form α ∈ Ω2,0(X) so that
κ = κ̂+ [α + α]. Moreover, α(v, I(v)) = α(v, I(v)) = 0 for all α ∈ Ω2,0(X) and all
tangent vectors v. 
Now assume that dimH1(X ;R) is even, and define
H1,1(X ;R) := H1,1(X) ∩H2(X ;R).
Because the signature ofH1,1(X ;R) is (1, dimH1,1(X)−1) [BPV, Theorem IV.2.13],
the set
(2.3)
{
x ∈ H1,1(X ;R) ∣∣ (x, x) > 0}
consists of two disjoint connected cones.
Finally, assume that (X, I) admits a Ka¨hler form. Since the Ka¨hler classes form
a convex subcone of (2.3), they lie in one of the two cones; we call it the positive
cone and denote it by CX .
Now let (X ′, I ′) be another complex surface satisfying the assumptions above.
A Hodge isometry is an isometry φ : H2(X ′;Z)→ H2(X ;Z)5 that preserves the
Hodge decomposition, that is,
φ
(
Hp,q(X ′)
)
= Hp,q(X) for all p+ q = 2.
A Hodge isometry φ is effective if it preserves the positive cones and induces a
bijection between the respective sets of effective classes.
By definition, every K3 surface (X, I) is a closed, connected complex surface
with dimH1(X ;R) = 0 even. Moreover, Siu proved that every K3 surface admits a
Ka¨hler form [BPV, Theorem VIII.14.5]. Therefore, we can restate [BPV, Theorem
VIII.11.1] as follows:
Theorem 2.4 (Torelli theorem). Let (X, I) and (X ′, I ′) be K3 surfaces. Given an
effective Hodge isometry φ : H2(X ′,Z)→ H2(X,Z), there exists a biholomorphism
g : X → X ′ such that g∗ = φ.
4 By a slight abuse of notation, we identify H2(X;Z) with its image in H2(X;R) and H2(X;R)
with its image in H2(X;C). Since the cohomology of K3 surfaces is torsion-free, we trust that
this will not cause confusion.
5 Where convenient, we identify φ : H2(X′;Z) → H2(X;Z) with its R-linear and C-linear
extensions.
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This has the following implication for tame K3 surfaces.
Corollary 2.5. Let (X, I, σ) and (X ′, I ′, σ′) be tame K3 surfaces. Given a Hodge
isometry φ : H2(X ′;Z) → H2(X ;Z) such that φ( [σ′] ) = [σ], there exists a biholo-
morphism g : X → X ′ such that g∗ = φ.
Proof. By Lemma 2.2, there exists tamed symplectic forms σ̂ ∈ Ω2(X) and σ̂′ ∈
Ω2(X ′) so that [σ̂] and [σ̂′] are the orthogonal projection of [σ] and [σ′] onto
H1,1(X ;R) and H1,1(X ′;R), respectively. Since φ
(
[σ′]
)
= [σ] and φ is a Hodge
isometry, φ
(
[σ̂′]
)
= [σ̂]. Following [BPV, §VIII.3], we let the Ka¨hler cone of X
be the set of x in the positive cone CX such that (x, d) > 0 for all effective classes
d. Since the tamed classes in H1,1(X ;R) form a convex subcone of the set (2.3),
the class [σ̂] must lie in CX . Moreover, since σ̂ is tamed, (σ̂, d) > 0 for all effective
classes d. Therefore, [σ̂] lies in the Ka¨hler cone of X . By a similar argument,
[σ̂′] lies in the Ka¨hler cone of X ′. Thus, φ is effective by Theorem VIII.3.10 in
[BPV]. 
Consider the complex manifold
Ω := {[α] ∈ P(L⊗Z C) | (α, α) = 0 and (α, α) > 0} .
A marked K3 surface is a K3 surface (X, I) and an isometry φ : H2(X ;Z)→ L.
Since the canonical bundle of X is trivial, H2,0(X) ≃ C. Thus, there is a well-
defined period point associated to (X, I, φ):
(2.6) τ1(X, I, φ) = [φ(αX)] ∈ Ω,
where αX ∈ H2,0(X) is any non-zero class. Additionally, there is a refined period
point associated to each marked tame K3 surface (X, I, σ, φ):
(2.7) τ2(X, I, σ, φ) =
(
φ
(
[σ]
)
, τ1(X, I, φ)
) ∈ LR × Ω,
where τ1 is defined as in (2.6).
Marked tame K3 surfaces (X, I, σ, φ) and (X ′, I ′, σ′, φ′) are isomorphic if there
exists a marked biholomorphism g : X → X ′ with g∗( [σ′] ) = [σ]. Here, we say
that a diffeomorphism g : X → X ′ is marked if g∗ = φ−1 ◦ φ′. The composition
φ−1◦φ′ : H2(X ′;R)→ H2(X ;R) is a Hodge isometry that takes [σ′] to [σ] exactly if
τ2(X, I, σ, φ) = τ2(X
′, I ′, σ′, φ′). Hence, Corollary 2.5 can be reformulated to show
that isomorphism classes of marked tame K3 surfaces are classified by the image
on the refined period map.
Corollary 2.8. Two marked tame K3 surfaces (X, I, σ, φ) and (X ′, I ′, σ′, φ′) are
isomorphic exactly if
τ2(X, I, σ, φ) = τ2(X
′, I ′, σ′, φ′).
Our next goal it to describe the image or the refined period map. Define mani-
folds
K˜Ω :=
{
(κ, [α]) ∈ LR × Ω
∣∣ (κ, κ)(α, α) > 2|(κ, α)|2 }
and
KΩ :=
{(
κ, [α]
) ∈ LR × Ω | (κ, κ) > 0 and (κ, α) = 0} ⊂ K˜Ω.
Given α ∈ L ⊗Z C, write α = ℜ(α) +
√−1ℑ(α), where ℜ(α),ℑ(α) ∈ LR :=
L⊗Z R. Then [α] ∈ Ω exactly if
(ℜ(α),ℑ(α)) = 0 and (ℜ(α),ℜ(α)) = (ℑ(α),ℑ(α)) = (α, α)/2 > 0.
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Hence, given κ ∈ LR and [α] ∈ Ω, the orthogonal projection κ̂ of κ onto α⊥ ∩LR is
(2.9) κ̂ = κ− (κ,ℜ(α))
(ℜ(α),ℜ(α))ℜ(α)−
(κ,ℑ(α))
(ℑ(α),ℑ(α))ℑ(α),
and so
(2.10) (κ̂, κ̂) = (κ, κ)− (κ,ℜ(α))
2
(ℜ(α),ℜ(α)) −
(κ,ℑ(α))2
(ℑ(α),ℑ(α)) = (κ, κ)−
2|(κ, α)|2
(α, α)
.
Therefore, κ, ℜ(α), and ℑ(α) are linearly independent for every (κ, [α]) ∈ K˜Ω;
Define Π: K˜Ω→ G+3 (LR) by letting Π(κ, [α]) be the oriented three plane spanned
by the oriented basis {κ,ℜ(α),ℑ(α)}. Define spaces
G+3 (LR)
◦ :=
{
V ∈ G+3 (LR)
∣∣ d 6∈ V ⊥ for any d ∈ L with (d, d) = −2} ,
(K˜Ω)◦ :=
{
(κ, [α]) ∈ K˜Ω
∣∣ Π(κ, [α]) ∈ G+3 (LR)◦},
and
(KΩ)◦ :=
{
(κ, [α]) ∈ KΩ | Π(κ, [α]) ∈ G+3 (LR)◦
} ⊂ (K˜Ω)◦.
Given (κ, [α]) ∈ LR × Ω, let κ̂ be the orthogonal projection of κ onto α⊥ ∩ LR.
By (2.9) and (2.10),
(κ, [α]) ∈ K˜Ω⇔ (κ̂, [α]) ∈ KΩ and (κ, [α]) ∈ (K˜Ω)◦ ⇔ (κ̂, [α]) ∈ (KΩ)◦.(2.11)
Our next step is to prove isomorphism classes of marked tame K3 surfaces are
classified by (K˜Ω)◦. To do this, we show that the image of the refined period map is
a subset of (K˜Ω)◦ in Lemma 2.12, and that it is surjective in Corollary 2.14. In fact,
we prove a stronger claim; roughly, the period map is “surjective for paths”. This
reflects the fact that (KΩ)◦ does not just classify isomorphism classes of marked
Ka¨hler K3 surfaces; it is the moduli space marked Ka¨hler K3 surfaces. (See the
proof of Theorem 2.13.)
Lemma 2.12. Let (X, I, σ, φ) be a marked tame K3 surface. Then τ2(X, I, σ, φ) ∈
(K˜Ω)◦; moreover, if σ is Ka¨hler then τ2(X, I, σ, φ) ∈ (KΩ)◦.
Proof. Note that H1,1(X ;R) = α⊥X ∩ H2(X ;R) for any non-zero αX ∈ H2,0(X).
Hence, if σ is Ka¨hler then [σ] ∈ α⊥X , and so τ2(X, I, σ, φ) ∈ KΩ. Similarly, returning
to the general case, Lemma 2.2 and (2.11) together imply that τ2(X, I, σ, φ) ∈ K˜Ω.
Now consider d ∈ H2(X ;Z) with (d, d) = −2. If d ∈ α⊥X , then since d ∈ H1,1(X) ∩
H2(X ;Z) either d or −d is effective [BPV, Proposition VIII.3.6.i], and so d 6∈ [σ]⊥.
Therefore, τ2(X, I, σ, φ) lies in (K˜Ω)
◦. 
Theorem 2.13. Given a smooth path γ : [0, 1]→ (KΩ)◦, there exist marked Ka¨hler
K3 surfaces (X, It, σt, φ)
6 satisfying
τ2(X, It, σt, φ) = γt for all t ∈ [0, 1];
moreover, It depends smoothly on t.
6 As the notation indicates, the complex structure It and the Ka¨hler form σt depend on
t ∈ [0, 1], but the manifold X and the isometry φ do not. At this point, we do not insist that σt
depends smoothly on t; see Lemma 2.17.
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Proof. By Theorem VIII.12.1 in [BPV], there exists a universal marked family
Y
p→M1 of K3-surfaces. In particular, given x ∈ M1, the preimage Ys := p−1(s)
is a marked K3 surface. The base space M1 is not Hausdorff, but otherwise is a
smooth analytic space of dimension 20. The period map τ1 : M1 → Ω is a local
isomorphism by [BPV, Theorem VIII.7.3].
By Lemma VIII.9.3 in [BPV], M′2 := ∪s∈M1H1,1(Ys) pi→ M1 is a real analytic
vector bundle. As described in [BPV, §VIII.12], the set of Ka¨hler classesM2 inM′2
is an open submanifold. Thus, M2 is real analytic manifold of dimension 60, and
the refined period map τ2 : M2 → (KΩ)◦ is a real analytic submersion. Since τ2 is
both injective [BPV, Theorem VIII.12.3] and surjective [BPV, Theorem VIII.14.1],
it induces a diffeomorphism from M2 to (KΩ)
◦.
Given a smooth path γ : [0, 1] → (KΩ)◦, let γt = (κt, [αt]). Since π ◦ τ−12 ◦
γ is a smooth path in M1, there exists marked K3 surfaces (X, It, φ) satisfying
τ1(X, It, φ) = [αt] ∈ Ω for all t ∈ [0, 1]. Since τ−12 ◦ γ is a path in M2, there exists
a Ka¨hler form σt ∈ Ω2(X) with φ[σt] = κt for all t ∈ [0, 1]. 
This has the following implication for tame K3 surfaces.
Corollary 2.14. Given a smooth path γ : [0, 1]→ (K˜Ω)◦, there exist marked tame
K3 surfaces (X, It, σt, φ) with
τ2(X, It, σt, φ) = γt for all t ∈ [0, 1];
moreover, It depends smoothly on t.
Proof. Let γ̂t = (κ̂t, [αt]) for all t ∈ [0, 1], where γt = (κt, [αt]) and κ̂t is the
projection of κt onto α
⊥
t ∩ LR. Then γ̂t is a smooth path in (KΩ)◦ by (2.11).
By Theorem 2.13, there exists marked Ka¨hler K3 surfaces (X, It, σ̂t, φ) satisfying
τ2(X, It, σt, φ) = (κ̂t, [αt]) for all t ∈ [0, 1]; moreover, It depends smoothly on t.
Hence, the claim follows by Lemma 2.2.

We have now classified marked tame K3 surfaces up to marked biholomorphism
that preserve the tame class. To classify them up to marked symplectomorphism,
we need to study the topology of (K˜Ω)◦; c.f. [BPV, §VIII.9].
Lemma 2.15. Fix κ ∈ LR with (κ, κ) > 0.
(1) The subspace (K˜Ω)◦ ⊂ K˜Ω is an open submanifold with two connected
components that Π take to different components of G+3 (LR).
(2) The intersection ({κ} × Ω) ∩ (K˜Ω)◦ is a submanifold with two connected
components that Π take to different components of G+3 (LR).
Proof. The map from Ω to G+2 (LR) that sends [α] to the oriented 2-plane with
oriented basis {ℜα,ℑα} is a diffeomorphism, and so we may identify these spaces.
By Lemma 2.11, under this identification K˜Ω is the set of pairs (κ,W ) ∈ LR ×
G+2 (LR) that together span a 3-plane on which (·, ·) is positive definite. Given
V ∈ G+3 (LR), the preimage Π−1(V ) ⊂ K˜Ω consists of (κ,W ) ∈ V × G+2 (V ) with
κ 6∈ W such that κ and W together induce the given orientation on V . If we fix a
non-zero κ ∈ V , the set of such W is diffeomorphic to a 2-dimensional disk. Thus
K˜Ω is a fiber bundle over G+3 (LR) with connected fibers.
We obtainG+3 (LR)
◦ fromG+3 (LR) by removingG
+
3 (d
⊥) for all d ∈ L with (d, d) =
−2. Given any d ∈ L, the set G+3 (d⊥) is a closed submanifold of G+3 (LR) of
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codimension 3. Moreover, by the proof of [BPV, Corollary VIII.9.2], the collection
of G+3 (d
⊥) for d ∈ L with (d, d) = −2 is locally finite. Therefore, G+3 (LR)◦ is
an open submanifold with two connected components, one in each component of
G+3 (LR). The first claim follows immediately.
Now fix κ ∈ LR with (κ, κ) > 0. Given W ∈ G+2 (LR) with (κ,W ) ∈ K˜Ω, it is
clear that κ ∈ Π(κ,W ). Conversely, as we saw above, if V ∈ G+3 (LR) contains κ
then {
W ∈ G+2 (LR)
∣∣ (κ,W ) ∈ K˜Ω and Π(κ,W ) = V }
is diffeomorphic to a 2-dimensional disk. Thus,
({κ} ×G+2 (LR)) ∩ K˜Ω is a fiber
bundle over {V ∈ G+3 (L) | κ ∈ V } with contractible fibers.
Since the signature of κ⊥ is (2, 19), the manifold G+2 (κ
⊥) has two components.
Moreover, the natural diffeomorphism from G+2 (κ
⊥) to {V ∈ G+3 (LR) | κ ∈ V }
takes these components to different components of G+3 (LR). Given d ∈ L, the
intersection
{V ∈ G+3 (LR) | κ ∈ V } ∩G+3 (d⊥)
is empty if (κ, d) 6= 0, and is naturally diffeomorphic to G+2 (κ⊥ ∩ d⊥) if (κ, d) = 0.
Therefore, it is a closed submanifold of codimension 2. Since we have already seen
that the collection of G+3 (d
⊥) for d ∈ L with (d, d) = −2 is a locally finite collection,
this implies that {V ∈ G+3 (LR)◦ | κ ∈ V } is a submanifold whose intersection with
either component of G+3 (LR) has one connected component. The second claim
follows immediately.

We also need a few general lemmas about tamed symplectic forms.
Lemma 2.16. Let (X, I) and (X ′, I ′) be closed complex manifolds with tamed
symplectic forms σ ∈ Ω2(X) and σ′ ∈ Ω2(X ′). Given a biholomorphism g from
(X, I) to (X ′, I ′) with g∗([σ′]) = [σ], there is a symplectomorphism f from (X, σ)
to (X ′, σ′) with f∗ = g∗ : H∗(X ′;Z)→ H∗(X ;Z).
Proof. The complex structure I tames g∗(σ′) and σ, and so σt := tg
∗(σ′)+(1−t)σ is
a tamed symplectic form for all t ∈ [0, 1]. Thus, since [g∗(σ′)] = [σ] by assumption,
the claim follows by Moser’s method. 
Lemma 2.17. Let (X, It) be a closed complex manifold with tamed symplectic
form σt ∈ Ω2(X) for all t ∈ [0, 1]. Assume that It depends smoothly on t, and
that [σt] ∈ H2(X ;R) is independent of t. Then there is a symplectomorphism from
(X, σ0) to (X, σ1) that induces the identity map on H
∗(X ;Z).
Proof. Fix s ∈ [0, 1]. Since Is tames σs, It depends smoothly on t, and X is
closed, there exists an open neighborhood Vs of s ∈ [0, 1] so that It tames σs for all
t ∈ Vs. Choose a partition of unity {ρs} subordinate to {Vs} so that ρ0(0) = 1 and
ρ1(1) = 1. Then σ
′
t :=
∑
s ρs(t)σs is tamed by It (and hence is symplectic) for all
t ∈ [0, 1]. Since σ′i = σi for i = 0, 1, the claim now follow by Moser’s method. 
We are now ready to classify marked tame K3 surfaces that are taken by Π ◦ τ2
to a given component of G+3 (LR), up to marked symplectomorphism.
Lemma 2.18.
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(1) Given κ ∈ LR and a component of G+3 (LR), there exists a marked tame
K3 surface (X, I, σ, φ) with φ
(
[σ]
)
= κ and Π(τ2(X, I, σ, φ)) in the given
component if and only if (κ, κ) > 0.
(2) Given marked tame K3 surfaces (X0, I0, σ0, φ0) and (X1, I1, σ1, φ1) so that
Π(τ2(X0, I0, σ0, φ0)) and Π(τ2(X1, I1, σ1, φ1) lie in the same component of
G+2 (LR), there is a marked symplectomorphism from (X0, σ0, φ0) to (X1, σ1, φ1)
if and only if φ0
(
[σ0]
)
= φ1
(
[σ1]
)
.
Proof. Fix κ ∈ LR. Since the cup product pairing is positive on tamed classes,
we may assume that (κ, κ) > 0. Hence, claim (1) follows immediately from
Lemma 2.15.(2) and Corollary 2.14.
Let (X0, I0, σ0, φ0) and (X1, I1, σ1, φ1) be marked tame K3 surfaces so that
Π(τ2(X0, I0, σ0, φ0)) and Π(τ2(X1, I1, σ1, φ1) lie in the same component of G
+
3 (LR);
assume that φ0
(
[σ0]
)
= φ1
(
[σ1]
)
.
By Lemmas 2.12 and 2.15.(2), there is a smooth path γ : [0, 1]→ ({φ0([σ0])}× Ω)∩
(K˜Ω)◦ with
(2.19) τ2(Xi, Ii, σi, φi) = γi for i = 0, 1.
By Corollary 2.14, there exists marked tame K3 surfaces (X ′, I ′t, σ
′
t, φ
′) with
(2.20) τ2(X
′, I ′t, σ
′
t, φ
′) = γt for all t ∈ [0, 1];
moreover, I ′t depends smoothly on t. Hence, by Lemma 2.17 implies that there
is a marked symplectomorphism f ′ from (X ′, σ′0, φ
′) to (X ′, σ′1, φ
′). By Corol-
lary 2.8, (2.19) and (2.20) imply that there exist marked biholomorphism gi from
(Xi, Ii, σi, φi) to (X
′, I ′i, σ
′
i, φ
′) for i = 0, 1. Thus, by Lemma 2.16 there is marked
symplectomorphisms fi from (Xi, σi, φi) to (X
′, σ′i, φ
′) for i = 0, 1. Then f−11 ◦f ′◦f0
is a marked symplectomorphism from (X, σ0, φ0) to (X, σ1, φ1). This proves claim
(2). 
Technically, we could end Section 2 here and still prove Theorem 1. More pre-
cisely, we could prove Proposition 3.1 and Proposition 3.2 by using parts (2) and (1)
of Lemma 2.18, respectively, instead of the corresponding parts of Proposition 2.1.
On the other hand, the theorem below – which is a slight reformulation of a theorem
of Donaldson – immediately leads to a proof of Proposition 2.1. Additionally, it
completes the classification of marked tame K3 surfaces started in Lemma 2.18 by
showing that there are no marked symplectomorphisms between two marked tame
K3 surfaces if Φ ◦ τ2 takes them to different components of G+3 (LiR).
Theorem 2.21. Let (X0, I0, σ0, φ0) and (X1, I1, σ1, φ1) be marked tame K3 sur-
faces. Then there is a marked diffeomorphism from (X0, φ0) to (X1, φ1) if and
only if Π(τ2(X0, I0, σ0, φ0)) and Π(τ2(X1, I1, σ1, φ1)) lie in the same component of
G+3 (LR).
Proof. Assume first that Π(τ2(X0, I0, σ0, φ0)) and Π(τ2(X1, I1, σ1, φ1)) lie in the
same component of G+3 (LR). By Lemmas 2.12 and 2.15.(1), there is a smooth path
γ : [0, 1]→ (K˜Ω)◦ with
τ2(Xi, Ii, σi, φi) = γi for i = 0, 1.
Hence, by Corollaries 2.14 and 2.8, there exists marked tame K3 surfaces (X ′, I ′t, σ
′
t, φ
′)
for all t ∈ [0, 1], and marked biholomorphisms gi from (Xi, Ii, σi, φi) to (X ′, I ′i, σ′i, φ′)
for i = 0, 1. Then g−11 ◦ g0 is a marked diffeomorphism from (X,φ0) to (X,φ1).
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Now assume that there is a marked diffeomorphism from (X0, φ0) to (X1, φ1).
Donaldson proves that there is no diffeomorphism f : X0 → X0 with f∗ : H2(X0;Z)→
H2(X0;Z) = −1 [Do]. Hence, there is no marked diffeomorphism from (X0, φ0)
to (X1,−φ1). By the previous paragraph, this implies that Π(τ2(X0, I0, σ0, φ0)) and
Π(τ2(X1, I1, σ1,−φ1)) lie in different components ofG+3 (LR), i.e., Π(τ2(X0, I0, σ0, φ0))
and Π(τ2(X1, I1, σ1, φ1)) lie in the same component. 
Proof of Proposition 2.1. Fix κ ∈ H2(X ;R). As in Lemma 2.18, we may assume
that (κ, κ) > 0. By Siu’s theorem, there exists a marked tame K3 structure (I, σ, φ)
on X . By Lemma 2.18.(1), there exists a marked tame K3 surface (X ′, I ′, σ′, φ′)
with φ′
(
[σ′]
)
= φ
(
[κ]
)
so that Π(τ2(X, I, σ, φ)) and Π(τ2(X, I
′, σ′, φ′)) lie in the
same component of G+3 (LR). Thus, Theorem 2.21 implies that there exists a marked
diffeomorphism f from (X,φ) to (X,φ′). The pullback (X, f∗(I ′), f∗(σ′)) is a tame
K3 surface with φ
(
[f∗(σ′)]
)
= φ′
(
[σ′]
)
= φ(κ). This proves claim (1).
Let (I0, σ0) and (I1, σ1) be tame K3 structures on X , and consider an isometry
φ : H2(X ;Z) → H2(X ;Z). Given a marking φ0 : H2(X ;Z) → L, let φ1 = φ0 ◦ φ.
Then Π(τ2(X, I0, σ0, φ0)) and Π(τ2(X, I0, σ0, φ1)) lie in the same component of
G+3 (LR) exactly if φ preserves the components of G
+
3 (LR), Hence, Theorem 2.21
implies that that there is no diffeomorphism f with f∗ = φ if φ reverses the com-
ponents.7 On the other hand, Theorem 2.21 implies that Π(τ2(X, I0, σ0, φ1)) and
Π(τ2(X, I1, σ1, φ1)) lie in the same component of G
+
3 (LR). Hence, Claim (2) follows
immediately from Lemma 2.18.(2). 
3. Free Hamiltonian actions
In this section, we analyze free Hamiltonian circle actions on symplectic mani-
folds with reduced spaces symplectomorphic to tame K3 surfaces (that also satisfy
a technical condition). In this case, the Duistermaat-Heckman function is a positive
polynomial of degree at most two with even coefficients. Our main result is that
these polynomials classify such symplectic manifolds.
Proposition 3.1. Let the circle act freely on symplectic manifolds (M,ω) and
(M ′, ω′) with proper moment maps Ψ: M → (a, b) and Ψ′ : M ′ → (a, b). Assume
that, for all t ∈ (a, b), the reduced spaces M//t S1 and M ′//t S1 are symplectomor-
phic to tame K3 surfaces (X, It, σt)
8 and (X ′, I ′t, σ
′
t); moreover,
• (σt, σt) = (σ′t, σ′t); and
• [σt] = κ − tη and [σ′t] = κ′ − tη′, where κ, η and κ′, η′ induce primitive
embeddings Z2 →֒ H2(X ;Z) and Z2 →֒ H2(X ′;Z).
Then every t ∈ (a, b) has a neighborhood U so that Ψ−1(U) and (Ψ′)−1(U) are
equivariantly symplectomorphic.
In the situation described in Proposition 3.1, the Duistermaat-Heckman function
of M (and M ′) at t ∈ (a, b) is (κ, κ) − 2t(κ, η) + t2(η, η). Since the K3 lattice is
even and κ and η are integral, this is a polynomial of degree at most two with even
coefficients; it is positive on (a, b).
7 Alternatively, this is the original statement of Donaldson’s theorem [Do].
8 By Ehresmann’s lemma, we can (and do) choose the symplectomorphisms M//t S1
≃
→ X
to induce a diffeomorphism M/S1
≃
→ X × (a, b). Hence, the forms σt depend smoothly on t.
However, the complex structures It may not.
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Proposition 3.2. Fix a polynomial P of degree at most two with even coefficients
that is positive on [a, b] ⊂ R. Then there exists a free circle action on a symplectic
manifold (M,ω) with proper moment map Ψ: M → (a, b) so that, for all t ∈ (a, b),
the reduced space M//t S
1 is symplectomorphic to a tame K3 surface (X, It, σt);
moreover,
• (σt, σt) = P (t); and
• [σt] = κ− tη, where κ, η induce a primitive embedding Z2 →֒ H2(X ;Z).
To prove these propositions, we need two standard lemmas on the uniqueness
and existence of free Hamiltonian circle actions; see, for example, [MS].
Lemma 3.3. Let the circle act freely on symplectic manifolds (M,ω) and (M ′, ω′)
with proper moment maps Ψ: M → (a, b) and Ψ′ : M ′ → (a, b), and fix t ∈ (a, b).
Let f : M//t S
1 → M ′//t S1 be a symplectomorphism so that f∗ takes the Euler
class of the circle bundle (Ψ′)−1(t) → M ′//t S1 to the Euler class of Ψ−1(t) →
M//t S
1. Then Ψ−1(U) and (Ψ′)−1(U) are equivariantly symplectomorphic for some
neighborhood U of t.
Lemma 3.4. Let (X, σ) be a closed symplectic manifold; fix µ ∈ Ω2(X) with [µ] ∈
H2(X ;Z). There exists ǫ > 0, and a free circle action on a symplectic manifold
(M,ω) with proper moment map Ψ: M → (−ǫ, ǫ) so that the reduced space M//t S1
is symplectomorphic to (X, σ − tµ) for all t ∈ (−ǫ, ǫ).
We also need the following fact.
Lemma 3.5. Fix κ, η, κ′, and η′ in the K3 lattice L satisfying:
• (κ− tη, κ− tη) = (κ′ − tη′, κ′ − tη′) for all t ∈ R; and
• each pair κ, η and κ′, η′ induces a primitive embedding Z2 →֒ L.
Then there exists an isometry of L that takes κ′ to κ, takes η′ to η, and preserves
(alternatively, reverses) the components of G+3 (LR).
Proof. The K3 lattice can be written as the orthogonal direct sum
L ≃ H ⊕H ⊕H ⊕−E8 ⊕−E8,
where H is the indefinite, even, unimodular lattice of rank 2; and E8 is the positive
definite, even, unimodular lattice of rank 8. Hence, for i ∈ {1, 2, 3}, there exist ei
and fi in the i’th summand above satisfying (ei, ej) = (fi, fj) = 0 and (ei, fj) = δij
for all i, j ∈ {1, 2, 3}. Consider
κ˜ := e1 +
1
2
(κ, κ)f1 and η˜ := (κ, η)f1 + e2 +
1
2
(η, η)f2 ∈ L.
The isometry φ : H2(X ;Z) → H2(X ;Z) that takes e3 to −e3 and f3 to −f3 but
is the identity map on the other summands fixes κ˜ and η˜ but exchanges the com-
ponents of G+3 (L). By assumption, the pairs κ, η; κ
′, η′; and κ˜, η˜ each induce a
primitive embedding Z2 →֒ L. Moreover, their images are isomorphic lattices.
Hence, [BPV, Theorem I.2.9] implies that there exists an isometry of L that takes
κ′ to κ˜ and η′ to η˜, and another isometry that takes κ˜ to κ and η˜ to η. By either
composing these two isometries or composing these two isometries with φ inserted
between them, we construct the required isometry. 
Using the results (and notation) from the previous section, we can now specialize
to that case that the reduced spaces are symplectomorphic to tame K3 surfaces.
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Proof of Proposition 3.1. Fix t ∈ (a, b). Since all K3 surfaces are diffeomorphic,
we may assume that X ′ = X . Since H2(X ;Z) ≃ L, Lemma 3.5 implies that
there is an isometry φ : H2(X ;Z) → H2(X ;Z) so that φ(κ′) = κ, φ(η′) = η,
and φ preserves the components of G+3 (H
2(X ;R)). By Proposition 2.1.(2), this
implies that there exists a symplectomorphism f from (X, σt) to (X
′, σ′t) satisfying
f∗(η′) = η. Since H2(X ;Z) is torsion-free, η ∈ H2(X ;Z) is the Euler class of the
circle bundle Ψ−1(t)→M//t S1 and η′ ∈ H2(X ;Z) is the Euler class of (Ψ′)−1(t)→
M ′//t S
1. Hence, the claim follows immediately from Lemma 3.3. 
Proof of Proposition 3.2. Write P (t) = 2ℓ2t
2 +2ℓ1t+2ℓ0, and let X be a manifold
that admits a K3 structure. Since H2(X ;Z) ≃ L, there exist e1, e2, f1 and f2 ∈
H2(X ;Z) satisfying (ei, ej) = (fi, fj) = 0 and (ei, fj) = δij for all i, j ∈ {1, 2}.
Consider κ := e1 + ℓ0f1 and η := −ℓ1f1 + e2 + ℓ2f2 ∈ H2(X ;Z). Then (κ− tη, κ−
tη) = P (t) for all t, and κ, η induce a primitive embedding Z2 →֒ H2(X ;Z).
Fix t ∈ [a, b]. Since P (t) > 0, Lemma 2.1 implies that there exists a tame K3
structure (I, σ) on X satisfying [σ] = κ−tη. Pick a closed two-form µ ∈ Ω2(X) with
[µ] = η. By Lemma 3.4, there exists ǫ > 0, and a free circle action on a symplectic
manifold (M,ω) with proper moment map Ψ: M → (t−ǫ, t+ǫ) so that the reduced
space M//s S
1 is symplectomorphic to (X, σ− (s− t)µ) for all s ∈ (t− ǫ, t+ ǫ). By
construction,
[σ − (s− t)µ] = κ− sη ∀s ∈ (t− ǫ, t+ ǫ).
Finally, since tameness is an open condition, after possible shrinking ǫ, I tames
σ − (s− t)µ for all s ∈ (t− ǫ, t+ ǫ).
Since [a, b] is compact, this implies that we can cover [a, b] by open sets V1, . . . , Vk
so that each Vi is the moment image of a circle action on a symplectic manifold
(Mi, ωi) satisfying the prescribed conditions. By Proposition 3.1, after possibly
shrinking theMi and Vi, we may assume thatMi is equivariantly symplectomorphic
toMj over Vi∩Vj for all i and j. Therefore, we can constructM by gluing together
the Mi. 
3.1. Kotschick’s theorem. As we mentioned in the introduction, our proof is
adapted from [Ko]. Nevertheless, we now give a simple proof of his main theorem.
Theorem 3.6 (Kotschick). There exists a free symplectic circle action on a closed
connected six-dimensional symplectic manifold so that each orbit is contractible.
Proof. Fix ǫ > 0. By Proposition 3.2, there exists a free circle action on a symplectic
manifold (M,ω) with proper moment map Ψ: M → (−ǫ, 1 + ǫ) so that, for all
t ∈ (−ǫ, 1 + ǫ), the reduced space M//t S1 is symplectomorphic to a tame K3
surface (X, It, σt); moreover,
• (σt, σt) = 2; and
• [σt] = κ− tη, where κ, η induce a primitive embedding Z2 →֒ H2(X ;Z).
Since H2(X ;Z) is torsion-free, η is the Euler class of the circle bundle Ψ−1(t) →
M//t S
1 for all t ∈ (−ǫ, 1 + ǫ). Since η is primitive and X is simply connected,
this implies that the orbit S1 · x is contractible in Ψ−1(t) for all x ∈ Ψ−1(t).
Finally, Proposition 3.1 implies that, after possibly shrinking ǫ, Ψ−1(−ǫ, ǫ) and
Ψ−1(1 − ǫ, 1 + ǫ) are equivariantly symplectomorphic. We construct the proposed
manifold by identifying these subspaces. 
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4. Locally free Hamiltonian actions
In this section, we consider locally free Hamiltonian circle actions on symplectic
manifolds with reduced spaces diffeomorphic to the Kummer surface T/Z2. (Recall
that Z2 acts on T = C
2/
(
Z2 +
√−1Z2) by the involution [z] 7→ [−z].) Unlike
the previous section, we don’t prove general theorems but simply construct the
examples we need. Moreover, we endow our examples with congenial complex
structures that we use to add fixed points in the next section. More precisely, we
prove the following:
Proposition 4.1. There exist complex manifolds (M+, J+) and (M−, J−) with
locally free holomorphic C× actions, S1 ⊂ C× invariant symplectic forms ω± ∈
Ω2(M±), proper moment maps Ψ± : M± → R, and C× invariant maps π± : M± →
T/Z2 so that the following hold:
(1) For all t ∈ R, the map π± induces a symplectomorphism from M±//t S1 to
T/Z2 with (σ±)t ∈ Ω2(T/Z2), where
(4.2) (σ±)t = dz1 dz2 + dz1 dz2 ±
√−1 tdz1 dz1 ±
√−1 tdz2 dz2.9
(2) π± induces a biholomorphism from M±/C
× to T/Z2.
(3) ω±(ξ±, J±(ξ±)) > 0, where ξ± ∈ χ(M±) generates the S1 action.
(4) J± tames ω± on the preimage Ψ
−1
±
(± (0,∞)).
Moreover, there is an equivariant symplectomorphism from M+ to M− that inter-
twines the moment maps.
Remark 4.3. The integral of the pull-back of (σ±)t∧ (σ±)t over T is 8+8t2. Hence,
the Duistermaat-Heckman function of M± is 4 + 4t
2.
Proof. Fix integers k1 and k2 with k1k2 > 0. Identify C
× with the quotient
C/(
√−1Z), and hence S1 ⊂ C× with the quotient √−1R/(√−1Z). Under this
identification, the group Z4 acts holomorphically on C2 × C× by
(n1,m1, n2,m2) · (z1, z2;u) =(
z1 + n1 +
√−1m1, z2 + n2 +
√−1m2;u− k1(n1z1 + n21/2)− k2(n2z2 + n22/2)
)
for all (n1,m1, n2,m2) ∈ Z4 and (z1, z2;u) ∈ C2 × C×.
The quotient (M˜, J˜) =
(
C2 × C×) /Z4 is a complex manifold with a free holo-
morphic C× ≃ C/(√−1Z) action given by
[w] · [z1, z2;u] = [z1, z2;u+ w]
for all w ∈ C× and [z1, z2;u] ∈ M˜ . Let ℜ(x +
√−1 y) := x for all x, y ∈ R, and
define an S1 invariant proper function Ψ˜: M˜ → R by
Ψ˜
(
[z1, z2;u]
)
= ℜ(u) + k1ℜ(z1)2/2 + k2ℜ(z2)2/2
for all [z1, z2;u] ∈ M˜ . Next, define a closed real S1 invariant (1, 1)-form on M˜ by
η˜ :=
√−1 ∂∂(Ψ˜2) = 2√−1 ∂Ψ˜ ∧ ∂Ψ˜ +√−1 Ψ˜ (k1dz1 dz1 + k2dz2 dz2) /2,
where
∂Ψ˜ = (du+ k1ℜ(z1)dz1 + k2ℜ(z2)dz2) /2.
9 By a slight abuse of notation, we describe a form on T/Z2 by giving its pull-back to T .
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The form η˜ is not symplectic. However, if k1 and k2 are positive (respectively,
negative), the complex structure J˜ tames the form η˜ on the preimage Ψ˜−1(0,∞)
(respectively, Ψ˜−1(−∞, 0)).
Given a non-zero integer k3, define a closed real S
1 invariant two-form ω˜ on M˜
by
ω˜ = k3dz1dz2/2 + k3dz1dz2/2 + η˜.
Since
ω˜3/6 = −√−1 (k23 + k1k2Ψ˜2)dz1 dz1 dz2 dz2du du/8 6= 0,
the form ω˜ is symplectic. The action of the circle S1 ⊂ C× on M˜ is generated by
the vector field
ξ˜ =
√−1
(
∂
∂u
− ∂
∂u
)
,
and so ιξ˜ω˜ = −dΨ˜. Therefore, Ψ˜ : M˜ → R is a moment map for the circle action
on (M˜, ω˜). For any t ∈ R, the map π˜ from M˜ to T given by [z1, z2;u] 7→ [z1, z2]
induces a diffeomorphism from the reduced space Ψ˜−1(t)/S1 to T . Since the form
∂Ψ˜ ∧ ∂Ψ˜ = ∂Ψ˜ ∧ dΨ˜ vanishes on the level set Ψ˜−1(t), this identifies the reduced
symplectic form with σ˜t ∈ Ω2(T ), where
σ˜t = k3dz1dz2/2 + k3dz1dz2/2 +
√−1 k1tdz1dz1/2 +
√−1 k2tdz2dz2/2.
Additionally, the map π˜ induces a biholomorphism from M˜/C× to T . It is straight-
forward to check that ω˜
(
ξ˜, J˜
(
ξ˜
))
> 0. Finally, since dz1 dz2 ∈ Ω2,0(M˜) and
dz1 dz2 ∈ Ω0,2(M˜), the preceding paragraph implies that if k1 and k2 are posi-
tive (respectively, negative) then the complex structure J˜ tames the form ω˜ on the
preimage Ψ˜−1(0,∞) (respectively, Ψ˜−1(−∞, 0)); cf. Lemma 2.2.
Given an integer ℓ, the group Z2 acts holomorphically on M˜ by the involution
(4.4) [z;u] 7→ [−z;u+√−1 ℓ/2].
In most cases, the action is not free and the quotient M˜/Z2 is a complex orbifold
(M+, J+). However, if k1 and k2 are even and ℓ is odd, this action is free, and so
M+ is a complex manifold. In any case, since the C
× action on M˜ commutes with
the involution, it induces a locally free holomorphic C× action on M+. Since the
involution preserves the symplectic form ω˜ and the moment map Ψ˜, M+ inherits an
S1 invariant symplectic form ω+ and proper moment map Ψ+. Finally, since π˜ is
Z2 equivariant, it engenders a C
× invariant map π+ : M+ → T/Z2 which induces a
diffeomorphism from the reduced space M+//tS
1 to the orbifold T/Z2 for all t ∈ R;
this identifies the reduced symplectic form on M//tS
1 with (σ+)t ∈ Ω2(T/Z2),
where
(4.5) (σ+)t = k3dz1dz2/2 + k3dz1dz2/2 +
√−1 k1tdz1dz1/2 +
√−1 k2tdz2dz2/2.
Clearly, claims (2) and (3) are satisfied; if k1 and k2 are positive, then claim (4) is
satisfied as well.
Now repeat the process with −k1,−k2, k3, and ℓ to construct another complex
orbifold (M−, J−) with locally free holomorphic C
× action, S1 invariant symplectic
form ω−, proper moment map Ψ− : M− → R, and C× invariant map π− : M− →
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T/Z2. Then, for all t ∈ R, the map π− induces a symplectomorphism fromM−//t S1
to T/Z2 with (σ−)t ∈ Ω2(T/Z2), where
(4.6) (σ−)t = k3dz1dz2/2 + k3dz1dz2/2−
√−1 k1tdz1dz1/2−
√−1 k2tdz2dz2/2.
Again, if k1 and k2 are positive then claims (2), (3) and (4) are satisfied.
Define an equivariant diffeomorphism f : M+ → M− that intertwines the mo-
ment maps by
f([z1, z2;u]) = [z1, z2;u+ k1ℜ(z1)2 + k2ℜ(z2)2].
Working in coordinates, it is straightforward to check that f is a symplectomor-
phism.
The proposition now follows if we take k1 = k2 = k3 = 2. 
Remark 4.7. More generally, given integers k1, k2 > 0 and k3 6= 0, the proof above
shows that Proposition 4.1 still holds if we replace “manifolds” by “orbifolds” and
replace (4.2) by (4.5) and (4.6). Given an integer ℓ, the point [z;u] ∈ M˜ is fixed by
the involution (4.4) exactly if
(a) zi =
(
mi +
√−1ni
)
/2, where mi, ni ∈ Z for i = 1, 2, and
(b) k1m1n1 + k2m2n2 = ℓ (mod 2).
Therefore, every point [z;u] ∈ M± that satisfies (a) and (b) is a singular point of
the orbifold with isotropy group Z2; otherwise, M± is smooth. In contrast, the
stabilizer group {λ ∈ C× | λ · [z;u] = [z;u]} is Z2 if (a) holds but (b) does not;
otherwise, the action of C× on M± is free.
5. Hamiltonian actions with fixed points
In this final section, we consider Hamiltonian circle actions on symplectic mani-
folds with fixed points. However, each regular reduced space is still either symplec-
tomorphic to a tame K3 surface or diffeomorphic to the Kummer surface T/Z2. As
in the previous section, we don’t prove general theorems but simply use ideas from
[TWa] to construct the examples we need. More precisely, we prove the following:
Proposition 5.1. There exist symplectic manifolds (M˜±, ω˜±) with circle actions
and proper moment maps Ψ˜± : M˜± → R, and ǫ > 0 so that:
(1) The preimages Ψ˜−1± (±(−∞, 1+ǫ)) each contain exactly 16 fixed points; each
lies in Ψ˜±(±1) and has weights ±{−2, 1, 1}.
(2) Let (M±, ω±,Ψ±) be the symplectic manifolds with locally free circle ac-
tions and proper moment maps described in Propositions 4.1. There exist
a± < b± in ±(0, 1) so that Ψ−1± (a±, b±) and Ψ˜−1± (a±, b±) are equivariantly
symplectomorphic.
(3) For all t ∈ ±(1, 1 + ǫ), the reduced space M˜±//t S1 is symplectomorphic to
a tame K3 surface (X˜, I˜, (σ˜±)t); moreover,
• ((σ˜±)t, (σ˜±)t) = −4± 16t− 4t2; and
• [(σ˜±)t] = κ˜ − tη˜±, where κ˜, η˜± induce a primitive embedding Z2 →֒
H2(X˜;Z).
To construct these examples, we need to introduce some notation: Given a
holomorphic C× action on a complex manifold (M,J), let ξM be the vector field
associated to the induced S1 ⊂ C× action, and let Ω2(M)S1 denote the set of S1
invariant two-forms on M .
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We also need the following three results from [TWa], which is joint with J. Watts.
More specifically, they correspond to [TWa, Proposition 3.1], [TWa, Proposition
7.1], and [TWa, Proposition 7.8], respectively.
Proposition 5.2. Let (M,J) be a complex manifold with a holomorphic C×-action,
a symplectic form ω ∈ Ω2(M)S1 satisfying ω(ξM , J(ξM )) > 0 on M rMS1 , and a
moment map Ψ: M → R. If a ∈ R is a regular value of Ψ and Ua := C× ·Ψ−1(a),
then the following hold:
• The quotient Ua/C× is a naturally a complex orbifold
• There is a complex structure Ja on the reduced space M//a S1 so that that
the inclusion Ψ−1(a) →֒ Ua induces a biholomorphism M//a S1 → Ua/C×.
• If J tames ω near Ψ−1(a), then Ja tames the reduced symplectic form on
M//a S
1.
Proposition 5.3. Fix a ∈ R. Let (M,J) be a complex manifold with a holomorphic
C× action, a symplectic form ω ∈ Ω2(M)S1 that is tamed near Ψ−1(a) and satisfies
ω(ξM , J(ξM )) > 0 on M rM
S1 , and a proper moment map Ψ: M → R. Assume
that the S1 action on Ψ−1(a) is free except for k orbits with stabilizer Z2. Then for
sufficiently small ǫ > 0 there exists a complex manifold (M˜, J˜) with a holomorphic
C× action, a symplectic form ω˜ ∈ Ω2(M˜)S1 satisfying ω˜(ξ
M˜
, J˜(ξ
M˜
)) > 0 on M˜ r
M˜S
1
, and a proper moment map Ψ˜ : M˜ → R so that the following hold:
(1) Ψ˜−1(a − ǫ, a] contains exactly k fixed points; each lies in Ψ˜−1(a) and has
weights {−2, 1, . . . , 1}.
(2) There is an equivariant symplectomorphism Ψ˜−1(−∞, a−ǫ/2)→ Ψ−1(−∞, a−
ǫ/2) that induces a biholomorphism M˜//t S
1 → M//t S1 for all regular
t ∈ (−∞, a− ǫ/2).
(3) ω˜ is tamed on Ψ˜−1(a− ǫ, a+ ǫ).
Proposition 5.4. Let (M,J) be a complex manifold with a holomorphic C×-action,
a symplectic form ω ∈ Ω2(M)S1 satisfying ω(ξM , J(ξM )) > 0 on M r MS1 ,
and a proper moment map Ψ: M → R. Assume that dimCM > 1, and that
Ψ−1(a, b)∩MS1 contains exactly k fixed points; each lies in Ψ−1(0) and has weights
{−2, 1, . . . , 1}. Then there exists a complex orbifold (X, I), and classes κ, η ∈
H2(X ;R), such that:
(1) For all t ∈ (a, 0), the reduced space M//t S1 is biholomorphically symplecto-
morphic to (X, I, σt), where σt ∈ Ω2(X) satisfies [σt] = κ− tη ∈ H2(X ;R).
(2) For all t ∈ (0, b), the reduced space M//t S1 is biholomorphically symplecto-
morphic to (X̂, Î, σ̂t), where σ̂t ∈ Ω2(X̂) satisfies
(5.5) [σ̂t] = q
∗κ− t q∗η − t/2
k∑
i=1
Ei ∈ H2(X̂;R).
Here, (X̂, Î) is the blow-up of (X, I) at isolated Z2 singularities p1, . . . , pk, the map
q : X̂ → X is the blow-down, and Ei is the Poincare dual of the exceptional divisor
q−1(pi) for all i.
Remark 5.6. Alternatively, by [TWa, Remark 4.4], Proposition 5.3 is true with the
following modifications: First, in claim (1), the preimage is Ψ˜−1[a, a+ ǫ) instead of
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Ψ˜−1(a−ǫ, a], and the weights are {2,−1, . . . ,−1} instead of {−2, 1, . . . , 1}. Second,
in claim (2), the set (−∞, a− ǫ/2) is replaced by (a+ ǫ/2,∞).
Similarly, Proposition 5.4 is true with the following modifications: Assume
that the weights are {2,−1, . . . ,−1} at each fixed points in Ψ−1(0), instead of
{−2, 1, . . . , 1}. In this case, claim (1) holds for all t ∈ (0, b), not all t ∈ (a, 0).
Claim (2) holds for all t ∈ (a, 0), not all t ∈ (0, b); moreover, (5.5) is replaced by
[σ̂t] = q
∗κ− t q∗η + t/2
k∑
i=1
Ei ∈ H2(X̂;R).
Let π : T → T/Z2 be the quotient map. Let (X̂, Î) be the K3 surface formed by
blowing up the quotient T/Z2 at the 16 isolated Z2 singularities p1, . . . , p16. Finally,
let q : X̂ → T/Z2 be the blow-down map, and let Ej ∈ H2(X̂;Z) be Poincare dual
to the exceptional divisor q−1(pi) for all i. We will use the criteria below to prove
claim (3) of Proposition 5.1
Lemma 5.7. Given y ∈ H2(T/Z2;R) such that π∗(y/2) is a primitive class in
H2(T ;Z), the pull-back q∗(y) is a primitive class in H2(X̂ ;Z). If additionally
x ∈ H2(X̂ ;Z) satisfies (Ei, x) = ±1 for some i ∈ {1, . . . , 16}, then q∗(y), x induce
a primitive embedding Z2 →֒ H2(X̂ ;Z).
Proof. Let T̂ be the blow-up of T at the 16 fixed points of the Z2 action, and let
σ : T̂ → T be the blow-down map. The involution on T induces an involution on T̂
that fixes the exceptional divisors. The quotient T̂ /Z2 is naturally isomorphic to
X̂; let π̂ : T̂ → X̂ be the quotient map. Note that q ◦ π̂ = π ◦ σ.
Define α : H∗(T ;Z)→ H∗(X̂ ;Z) by α = π̂!◦σ∗, where π̂! : H∗(T̂ ;Z)→ H∗(X̂ ;Z)
is the push-forward map. By [BPV, Corollary VIII.5.6], the lattice α(H2(X̂ ;Z))
is primitive. Moreover, π̂!(π̂
∗(z)) = 2z for all z ∈ H∗(X̂ ;Z) because π̂ has degree
2. Therefore, given y ∈ H2(T/Z2;R) such that π∗(y/2) is a primitive class in
H2(T ;Z), its image
α (π∗(y/2)) = π̂!(σ
∗(π∗(y/2))) = π̂!(π̂
∗(q∗(y)))/2 = q∗(y).
is a primitive class in H2(X̂;Z). Since (Ej , q∗(y)) = 0 for all j, the second claim
follows immediately. 
We are now ready to begin our proof.
Proof of Proposition 5.1. Let (M+, J+) be the complex manifold with locally free
holomorphicC× action, symplectic form ω+ ∈ Ω2(M+)S1 satisfying ω+(ξM+ , J+(ξM+)) >
0, proper moment map Ψ+ : M+ → R, and C× invariant map π+ : M+ → T/Z2
described in Proposition 4.1. For all t ∈ R, the map π+ induces a symplecto-
morphism from the reduced space M+//t S
1 to the Kummer surface T/Z2 with
(σ+)t ∈ Ω2(T/Z2), where
(5.8) (σ+)t = dz1dz2 + dz1dz2 +
√−1 tdz1dz1 +
√−1 tdz2dz2.
In particular, the S1 action on Ψ−1+ (t) is free except for 16 orbits with stabilizer Z2.
Moreover, π+ induces a biholomorphism from M+/C
× to T/Z2, and so Ut := C
× ·
Ψ−1+ (t) = M+ for all t ∈ R. Hence, Proposition 5.2 implies that there is a natural
complex structure on the reduced space M+//t S
1, and the symplectomorphism
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from M+//t S
1 to T/Z2 described above is biholomorphism. Finally, J+ tames ω+
on Ψ−1+ (0,∞).
Therefore, we can apply Proposition 5.3 with a = 1 to construct a complex man-
ifold (M˜+, J˜+) with a holomorphic C
× action, a symplectic form ω˜+ ∈ Ω2(M˜+)S1
satisfying ω˜+(ξM˜+ , Ĵ+(ξM˜+)) > 0 on M̂+ r M̂
S1
+ , and a proper moment map
Ψ̂+ : M̂+ → R. Since we may assume that ǫ < 1, claim (2) implies that their ex-
ists a non-empty open set U+ ⊂ (0, 1) and an equivariant symplectomorphism from
Ψ˜−1+ (U+) to Ψ
−1
+ (U+) that induces a biholomorphism from M˜+//t S
1 toM+//t S
1 for
all t ∈ U+. In particular, the reduced space M˜+//t S1 is biholomorphically symplec-
tomorphic to the Kummer surface T/Z2 with the symplectic form (σ+)t ∈ Ω2(T/Z2)
for all t ∈ U+. Since M+ has no fixed points, claims (1) and (2) together imply
that, after possibly shrinking ǫ, the preimage Ψ̂−1+ (−∞, ǫ) contains exactly 16 fixed
points; each lies in Ψ̂−1+ (1) and has weights {−2, 1, 1}. Finally, by claim (3), the
symplectic form ω˜+ is tamed on Ψ˜
−1
+ (1− ǫ, 1 + ǫ).
Hence, by Proposition 5.4, for all t ∈ (1, 1 + ǫ), the reduced space M˜+//t S1 is
biholomorphically symplectomorphic to the K3 surface (X̂, Î) with symplectic form
(σ̂+)t ∈ Ω2(T/Z2), where
(5.9)
[
(σ̂+)t
]
= q∗
([
(σ+)t
])− (t− 1)/2 16∑
i=1
Ei.
Moreover, by Proposition 5.2, the reduced complex structure Î tames (σ̂+)t for all
t ∈ (1, 1 + ǫ). Combining (5.8) and (5.9), we see that [(σ̂+)t] = κ̂ − tη̂+ for all
t ∈ (1, 1 + ǫ), where
κ̂ = q∗
(
[dz1dz2 + dz1dz2]
)
+ 1/2
16∑
i=1
Ei, and
η̂+ = −q∗
(
[
√−1 dz1dz1 +
√−1 dz2dz2]
)
+ 1/2
16∑
i=1
Ei.
A direct calculation shows that∫
T/Z2
(dz1dz2 + dz1dz2) ∧ (dz1dz2 + dz1dz2) =
1
2
∫
T
(dz1dz2 + dz1dz2) ∧ (dz1dz2 + dz1dz2) = 4.
Therefore, the cup product of q∗
(
[dz1dz2+dz1dz2]
) ∈ H2(X̂) with itself is 4. Since
(q∗
(
[dz1dz2 + dz1dz2]
)
, Ei) = 0 and (Ei, Ej) = −2δij
for all i and j, this implies that
(κ̂, κ̂) = 4 + 16(−2)/22 = −4.
By similar arguments,
(η̂+, η̂+) = −4 and (η̂+, κ̂) = −8.
Thus, (κ̂− η̂+, κ̂− tη̂+) = −4t2 + 16t− 4, as required.
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Finally, since
1/2
[
dz1dz2 + dz1dz2 +
√−1 dz1dz1 +
√−1 dz2dz2
]
is a primitive integral in H2(T ;Z), Lemma 5.7 implies that that κ̂−η̂+ is a primitive
class in H2(X̂ ;Z). Moreover, since η̂+ is Euler class of the circle bundle Ψ˜
−1
+ (t)→
M˜+//t S
1 ≃ X̂ for all t ∈ (1, 1 + ǫ), the class η̂+ lies in the integral cohomology
H2(X̂;Z). Hence, since the cup product (η̂+, Ei) = −1 for all i, Lemma 5.7 implies
that κ̂, η̂+ induce a primitive embedding, as required.
The construction of M˜− is analogous, except that in this case we begin with
the example M− given in Proposition 4.1, instead of taking M+. We then apply
the variants of Proposition 5.3 and 5.4 suggested in Remark 5.6, and in the former
case we take a = −1, instead of a = 1. In this case, for all t ∈ (−1 − ǫ,−1), the
reduced space M˜−//t S
1 is biholomorphically symplectomorphic to the tame K3
surface (X̂, Î, (σ̂−)t) with [(σ̂−)t] = κ̂− tη̂−, where
η̂− = −q∗
(
[
√−1 dz1dz1 +
√−1 dz2dz2]
)− 1/2 16∑
i=1
Ei.

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